Introduction and results {#Sec1}
========================

As the development of the singular integral operators, their commutators have been well studied (Coifman et al. [@CR3]; Harboure et al. [@CR6]; Lin et al. [@CR9]). Coifman et al. ([@CR3]) proved that the commutators \[*b*, *T*\], which generated by Calderón--Zygmund singular integral operators and BMO functions, are bounded on $\documentclass[12pt]{minimal}
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                \begin{document}$$1<p<\infty .$$\end{document}$ Chanillo ([@CR2]) obtained a similar result when Calderón--Zygmund singular integral operators are replaced by the fractional integral operators. Recently, some Toeplitz type operators associated to the singular integral operators are introduced, and the boundedness for the operators generated by singular integral operators and BMO functions and Lipschitz functions are obtained (see Lin and Lu [@CR10]; Lu and Mo [@CR11]).

The following generalized Calderón--Zygmund operator was introduced by Chang et al. ([@CR1]).
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The paper is organized as follows. Section  introduces some notation and definitions, and recalls some preliminary results. Section  establishes the sharp estimates for Toeplitz type operators. Section  gives the proof of Theorem [1](#FPar2){ref-type="sec"}.
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Next, we shall recall the definition of the Hardy-Littlewood maximal operator and several variants, the fractional integral operator and some function spaces.
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-------
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Let us recall the weighted Lipschitz function space.
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*Proof* {#FPar17}
-------
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                \begin{document}$$\begin{aligned} M_2&\le \frac{1}{|B|}\int _B|T_3I_\alpha M^{(b-b_{2B})\chi _{2B}}T_4(f)(y)|dy\\ &=\frac{1}{|B|}\int _B|I_\alpha M^{(b-b_{2B})\chi _{2B}}T_4(f)(y)|dy\\ &\lesssim \frac{1}{|B|^{1-\alpha /n}}\int _{{\mathbb {R}}^n}|M^{(b-b_{2B})\chi _{2B}}T_4(f)(y)|dy\\ &\lesssim \frac{1}{|B|^{1-\alpha /n}}\left( \int _{2B}|b(y)-b_{2B}|^{t'}\omega (y)^{1-t'}dy\right) ^{1/t'}\left( \int _{2B}|T_4(f)(y)|^t\omega (y)dy\right) ^{1/t}. \end{aligned}$$\end{document}$$Thus, by ([4](#Equ4){ref-type=""}) and ([2](#Equ2){ref-type=""}) we get$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} M_2&\lesssim |b\Vert _{Lip_{\beta }(\omega )}\left( \frac{\omega (2B)}{|B|}\right) ^{1-\alpha /n}\left( \frac{1}{\omega (2B)^{1-(\alpha +\beta ) t/n}}\int _{2B}|T_4(f)(y)|^t\omega (y)dy\right) ^{1/t}\\ &\lesssim |b\Vert _{Lip_{\beta }(\omega )}\omega (x)^{1-\alpha /n}M_{\alpha +\beta ,t,\omega }(T_4f)(x). \end{aligned}$$\end{document}$$

By the definition of generalized Calderón--Zygmund operator, we get,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} |{\mathrm {U}}_2(y)-{\mathrm {U}}_2(x_0)|&=\ |T_1M^{(b-b_{2B})\chi _{(2B)^c}}I_\alpha T_2(f)(y)-T_1M^{(b-b_{2B})\chi _{(2B)^c}}I_\alpha T_2(f))(x_0)|\\ &\lesssim \ \int _{(2B)^c}|b(z)-b_{2B}||K(y,z)-K(x_0,z)||I_\alpha T_2(f)(z)|dz. \end{aligned}$$\end{document}$$From Hölder's inequality we get$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} M_3&=\left( \frac{1}{|B|}\int _B |{\mathrm {U}}_2(y)-{\mathrm {U}}_2(x_0)|^\delta dy\right) ^{1/\delta }\\ &\lesssim \ \frac{1}{|B|}\int _B |{\mathrm {U}}_2(y)-{\mathrm {U}}_2(x_0)| dy\\ &\lesssim \ \frac{1}{|B|}\int _B\int _{(2B)^c}|b(z)-b_{2B}||K(y,z)-K(x_0,z)||I_\alpha T_2(f)(z)|dzdy\\ &\lesssim \ \frac{1}{|B|}\sum _{j=1}^\infty \int _B\int _{2^j|y-x_0|\le |z-x_0|<2^{j+1}|y-x_0|}|b(z)-b_{2^{j+1}B}|\\&\quad \times |K(y,z)-K(x_0,z)||I_\alpha T_2(f)(z)|dzdy\\&\quad + \frac{1}{|B|}\sum _{j=1}^\infty |b_{2^{j+1}B}-b_{2B}|\\&\quad \times \int _B\int _{2^j|y-x_0|\le |z-x_0|<2^{j+1}|y-x_0|}|K(y,z)-K(x_0,z)||I_\alpha T_2(f)(z)|dzdy\\ &=\ M_{31}+M_{32}. \end{aligned}$$\end{document}$$
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                \begin{document}$$\begin{aligned} M_{31}&\lesssim \ \frac{1}{|B|}\sum _{j=1}^\infty \int _B\left( \int _{2^j|y-x_0|\le |z-x_0|<2^{j+1}|y-x_0|}|K(y,z)-K(x_0,z)|^\gamma dz\right) ^{1/\gamma }\\&\quad \times \ \left( \int _{2^j|y-x_0|\le |z-x_0|<2^{j+1}|y-x_0|}|b(z)-b_{2^{j+1}B}|^l\omega (z)^{(1/t'-1)l}dz\right) ^{1/l}\\&\quad \times \left( \int _{2^j|y-x_0|\le |z-x_0|<2^{j+1}|y-x_0|}|I_\alpha T_2(f)(z)|^t\omega (z)dz\right) ^{1/t}dy\\ &\lesssim \ \frac{1}{|B|}\sum _{j=1}^\infty C_j\int _B (2^j|y-x_0|)^{-n/\gamma '}dy\left( \int _{2^{j+1}B}|b(z)-b_{2^{j+1}B}|^l\omega (z)^{(1/t'-1)l}dz\right) ^{1/l}\\&\quad \times \ \left( \int _{2^{j+1}B}|I_\alpha T_2 (f)(z)|^t\omega (z)dz\right) ^{1/t}. \end{aligned}$$\end{document}$$Note that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\ \left( \int _{2^{j+1}B}|b(z)-b_{2^{j+1}B}|^l\omega (z)^{({1}/{t'}-1)l}dz\right) ^{{1}/{l}}\\&\quad \lesssim \Vert b\Vert _{Lip_{\beta }(\omega )}|2^{j+1}B|^{{(1-s)}/{(p_0l)}}\omega (2^{j+1}B)^{{1}/({p'_0l)}+{s}/({p_0l)}+\beta /n}. \end{aligned}$$\end{document}$$Note that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${(1-s)}/{(p_0l)}-{1}/{\gamma '}=-1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${1}/{t}+{1}/{(p'_0l)}+{s}/{(p_0l)}=1.$$\end{document}$ Then, by ([6](#Equ6){ref-type=""}) we get$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} M_{31}&\lesssim \ |b\Vert _{Lip_{\beta }(\omega )}\sum _{j=1}^\infty C_j|2^{j+1}B|^{{(1-s)}/{(p_0l)}-{1}/{\gamma '}}\omega (2^{j+1}B)^{{1}/{t}+{1}/{(p'_0l)}+{s}/{(p_0l)}+\beta /n}\\&\quad \times \ \left( \frac{1}{\omega (2^{j+1}B)}\int _{2^{j+1}B}|I_\alpha T_2 (f)(z)|^t\omega (z)dz\right) ^{1/t}\\ &\lesssim \ |b\Vert _{Lip_{\beta }(\omega )}\sum _{j=1}^\infty C_j\frac{\omega (2^{j+1}B)^{1+\beta /n}}{|2^{j+1}B|}\left( \frac{1}{\omega (2^{j+1}B)}\int _{2^{j+1}B}|I_\alpha T_2 (f)(z)|^t\omega (z)dz\right) ^{1/t}\\ &\lesssim \ \Vert b\Vert _{Lip_{\beta }(\omega )}\omega (x)^{1-\alpha \beta r_0/n^2}M_{\beta ,t,\mu }(I_\alpha T_2f)(x)\sum _{j=1}^\infty C_j\\ &\lesssim \ \Vert b\Vert _{Lip_{\beta }(\omega )}\omega (x)^{1-\alpha \beta r_0/n^2}M_{\beta ,t,\mu }(I_\alpha T_2f)(x). \end{aligned}$$\end{document}$$
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Conclusion {#Sec5}
==========

In the present paper, we have established the sharp maximal function estimates for a class of Toeplitz type operator and we have obtained the weighted norm inequalities related to the operators on weighted Lebesgue space. We believe that these results are object of interest for a lots of scientists that study regularity of solutions of partial differential equations.
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